Abstract. In this paper, we investigate the contracting curvature flow of closed, strictly convex axially symmetric hypersurfaces in R n+1 and S n+1 by σ α k , where σ k is the k-th elementary symmetric function of the principal curvatures and α ≥ 1/k. We prove that for any n ≥ 3 and any fixed k with 1 ≤ k ≤ n, there exists a constant c(n, k) > 1/k such that that if α lies in the interval [1/k, c(n, k)], then we have a nice curvature pinching estimate involving the ratio of the biggest principal curvature to the smallest principal curvature of the flow hypersurface, and we prove that the properly rescaled hypersurfaces converge exponentially to the unit sphere. In the case 1 < k ≤ n ≤ k 2 , we can choose c(n, k) = 1 k−1
Introduction
Let R n+1 (ǫ) (ǫ = 0, 1, −1) be a real space form, i.e., when ǫ = 0, R n+1 (0) = R n+1 , when ǫ = 1, R n+1 (1) = S n+1 , and when ǫ = −1, R n+1 (−1) = H n+1 . Let M be a smooth, closed manifold and X 0 : M → R n+1 (ǫ) be a smooth immersion which is strictly convex, we consider a smooth family of immersions X(·, t) : M × [0, T ) → R n+1 (ǫ) solving the evolution equation ∂X ∂t (·, t) = −σ α k (·, t)ν(·, t), X(·, 0) = X 0 (·), (1.1) where α ≥ 1/k, ν is the outer unit normal vector of M t = X t (M ) and σ k is the k-th elementary symmetric function of the principal curvatures of M t . In particular, σ 1 is the mean curvature and σ n is the Gauss curvature. Throughout this paper, we call (1.1) a σ α k -curvature flow, and we will consider two cases: ǫ = 0 and ǫ = 1. When ǫ = 0 and k = 1, the flow (1.1) was called H α -flow and studied by Schulze in [39, 40] . When ǫ = 0 and k = 2, the flow (1.1) corresponds to the flow by powers by the scalar curvature, which was studied by Alessandroni and Sinestrari in [1] . When ǫ = 0 and k = n, the flow (1.1) is the flow by powers of the Gauss curvature, which has been well studied, we refer to [4, 5, 6, 11, 12, 14, 17, 27] and the references therein.
1.1. Some background of contracting curvature flows in Euclidean space and in sphere. When the ambient space is Euclidean space, there have been lots of results about contracting curvature flows. For the case α = k = 1, the flow is the well-known mean curvature flow which is the gradient flow of the area functional. In one of his famous papers, Huisken [29] proved that for any convex initial hypersurface M 0 , there exists a unique smooth solution to the mean curvature flow and the solution contracts to a "round" point in finite time. Similar results have been studied by Chow for the flows by the n-th root of the Gauss curvature [20] and the square root of the scalar curvature [21] (with an initial pinching condition). Later on, by proving a geometrical pinching estimate, Andrews [2] extended the results of Huisken and Chow to a wide class of curvature flows, with speeds given by homogeneous of degree 1 functions of the principal curvatures and satisfying some natural conditions. In [9] and [10] , Andrews proved new powerful pinching estimates and improved the previous results to a much wider class of curvature flows. In particular, the results in [9] applied to the flow by square root of the scalar curvature, and Andrews removed the initial pinching condition in [21] . In the previously mentioned papers, the speed functions of the flows are given by homogeneous of degree 1 functions of the principal curvatures. For the flow by a speed function which is homogeneous of degree α > 1, there are fewer results. The first celebrated result was proved by Andrews in [5] for Gauss curvature flow, where Firey's conjecture that convex surfaces moving by their Gauss curvature become spherical as they contract to points was proved. Guan and Ni [27] proved that convex hypersurfaces in R n+1 contracting by the Gauss curvature flow converge (after rescaling to fixed volume) to a smooth uniformly convex self-similar solution of the flow. Andrews, Guan and Ni [12] extended the results in [27] to the flow by powers of the Gauss curvature K α with α > 1 n+2 . Brendle, Choi and Daskalopoulos [17] proved that round spheres are the only closed, strictly convex self-similar solutions to the K α flow with α > 1 n+2 . Therefore, the generalized Firey's conjecture proposed by Andrews in [4] was completely solved, that is, the solutions of the flow by powers of the Gauss curvature converge to spheres for any α > 1 n+2 . When the ambient space is the sphere, there are also some interesting results about contracting curvature flows. For the mean curvature flow in the sphere, Huisken [30] proved that if the initial hypersurface (not necessarily convex) satisfies a curvature pinching condition, then either the evolving hypersurfaces converge uniformly to a single point in finite time, or the flow exists for all time and the evolving hypersurfaces converge in C ∞ -topology to a smooth totally geodesic hypersurface. Andrews [7] proved some optimal results for contracting curvature flows of surfaces with positive intrinsic curvature in S 3 in the sense that the weakest condition is required on the initial surfaces, by proving the existence of an optimal fully nonlinear speed function. Gerhardt [26] established a dual relation between the contracting curvature flow and the expanding curvature flow for strictly convex hypersurfaces in the sphere by using the Gauss map, and proved that if the speed function F is homogeneous of degree 1, concave and inverse-concave, then the flow hypersurfaces will shrink to a point in finite time, if F is strictly concave, or F = H/n, then the properly rescaled hypersurfaces converge to the unit sphere exponentially. Wei [42] proved similar conclusion for the case that F is homogeneous of degree 1, concave and F approaches zero on the boundary of the positive quadrant. McCoy [36] proved that in the surface case, if the speed function is a homogeneous of degree 1 function or the Gauss curvature, then strictly convex surfaces in S 3 will contract to round points in finite time, and the results were extended to strictly convex axially symmetric case for n ≥ 3. For the surface case, very recently, Hu, Li, Wei and Zhou [28] proved that the flow by a power of the mean curvature with the power α ∈ [1, 5] and the flow by a power of the Gauss curvature with the power α ∈ [1/2, 1] will both contract strictly convex surfaces in S 3 to round points in finite time.
1.2.
Two natural questions and the main theorems. Basing on the generalized Firey's conjecture mentioned above, it is natural to ask the following questions: Question 1. For any fixed k with 1 ≤ k ≤ n − 1, can the solutions of the σ α k -curvature flow (1.1) with closed, strictly convex initial hypersurfaces in R n+1 converge to round spheres after proper rescaling for some α > 1 k ? Question 2. For any fixed k with 1 ≤ k ≤ n, can the solutions of the σ α k -curvature flow (1.1) with closed, strictly convex initial hypersurfaces in S n+1 converge to round spheres after proper rescaling for some α > 1 k ? As far as the authors know, the above questions are open. For Question 1, the recent result of Gao, Li and Ma [24] that closed, strictly convex self-similar solutions to the σ α kcurvature flow must be round spheres, provides a new understanding of the σ α k -curvature flow. In the case of the σ α 1 -curvature flow, i.e., the H α -flow, Schulze [39, 40] showed that for the H α -flow of a closed, strictly convex hypersurface in R n+1 with α ≥ 1, if the initial ratio of the biggest and smallest principal curvatures at every point is close enough to 1, depending only on α and n, then this is preserved under the flow and the evolving hypersurfaces converge to the unit sphere in finite time after rescaling appropriately. In the appendix of [40] , Schulze and Schnürer showed that in the 2-dimensional case, if α ∈ [1, 5] , no initial pinching condition is needed to guarantee that the properly rescaled surfaces converge to the unit sphere. When k = 2 and α > 1/2, Alessandroni and Sinestrari [1] proved that if the initial hypersurface is strictly convex and satisfies a suitable pinching condition, then the solution shrinks to a point in finite time and converges to a sphere after a proper rescaling. For flow of convex hypersurfaces by arbitrary speeds which are smooth homogeneous functions of the principal curvatures of degree greater than one, Andrews and McCoy [15] proved that for smooth strictly convex initial hypersurfaces with the ratio of principal curvatures sufficiently close to 1 at each point, the flow hypersurfaces remain smooth and strictly convex and converge to round spheres in finite time after proper rescaling. For Question 2, the only related results are the results proved by McCoy [36] , Hu, Li, Wei and Zhou [28] mentioned above. If the initial hypersurface of the sphere is pinched enough, Li and Lv [33] proved that the flow converges smoothly and exponentially to the unit sphere after suitable rescaling for some homogeneous functions of the principal curvatures of degree greater than one, which include the functions σ α k for α > 1/k. Li and Lv's result can be regarded as a counterpart of the result by Andrews and McCoy [15] .
The aim of this paper is to find appropriate constants c 0 (n, k) > 1/k and c 1 (n, k) > 1/k which only depend on n and k, such that: (i) For any fixed k with 1
, then any closed, strictly convex axially symmetric hypersurface in R n+1 (n ≥ 3) will contract to a round point under the σ α k -curvature flow without initial curvature pinching conditions. (ii) For any fixed k with 1 ≤ k ≤ n, if α ∈ [1/k, c 1 (n, k)], then any closed, strictly convex axially symmetric hypersurface in S n+1 (n ≥ 3) will contract to a round point under the σ α k -curvature flow without initial curvature pinching conditions. Our results provide an affirmative answer to the questions proposed above in axially symmetric case. More precisely, we prove the following results. Theorem 1.1. Let X 0 : M → R n+1 be a smooth, closed, strictly convex axially symmetric hypersurface, n ≥ 3, 1 ≤ k ≤ n − 1. Then there exists a unique smooth solution of the σ α k -curvature flow (1.1) on a maximal finite time interval [0, T ) for α ≥ 1/k. For each n and k, there exists a constant c 0 (n, k) >
, then the flow hypersurfaces M t = X t (M ) are closed, strictly convex, axially symmetric and converge to a point q ∈ R n+1 as t → T , and the rescaled embeddings
converge exponentially in C ∞ to the unit sphere S n as t → T . Theorem 1.2. Let X 0 : M → S n+1 be a smooth, closed, strictly convex axially symmetric hypersurface, n ≥ 3, 1 ≤ k ≤ n. Then there exists a unique smooth solution of the σ α kcurvature flow (1.1) on a maximal finite time interval [0, T ) for α ≥ 1/k. For each n and k, there exists a constant c 1 (n, k) >
, then the flow hypersurfaces M t = X t (M ) are closed, strictly convex, axially symmetric and converge to a point q ∈ S n+1 as t → T , and the properly rescaled hypersurfaces converge exponentially in C ∞ to the unit sphere S n as t approaches T in the following sense: We denote by Θ(t, T ) the sphere solution of the flow (1.1) which shrinks to a point when t → T . If we introduce geodesic polar coordinates with center q, write the flow hypersurface M t as a graph of a function u(p, t) over S n , and define a new time parameter τ = − log Θ(t, T ), then τ tends to ∞ as t → T and the rescaled functionũ(p, τ ) = u(p, t)Θ(t, T ) −1 is uniformly bounded and converges exponentially in C ∞ to the constant function 1 as τ → ∞.
Remark 1.3. (i) For Theorem 1.1, when k = 1, α = 1, the result is due to Huisken [29] . When 1 < k < n, α = 1 k , the result is due to Andrews [9] . (ii) When α = 1 k , the result in Theorem 1.2 is a special case of the results in [26] or [42] . For this reason, we will consider the case α ∈ (1/k, c ǫ (n, k)] (ǫ = 0, 1) in the proof of the last part of Theorem 1.1 and Theorem 1.2. Remark 1.4. Although we can not write down the constants c 0 (n, k) and c 1 (n, k) in terms of explicit functions of n and k, they can be precisely determined by applying Sturm's theorem. We list some of the values of c ǫ (n, k) for ǫ = 0, 1. For example, c ǫ (3, 1) = 3.64..., c ǫ (4, 1) = 2.93..., etc. In the case 1 < k ≤ n ≤ k 2 , we can choose c ǫ (n, k) = 1 k−1 for ǫ = 0, 1. For general n and ǫ = 0, 1, we prove that c ǫ (n, 1) ≥ 1+
The proof is given in the appendix.
1.3.
Outline of the proof and organization of the paper. In §2, we give some notations and preliminary results. §3 is devoted to proving a curvature pinching estimate (3.1), which is the key step in the proof of our main theorems. The main idea to prove (3.1) is to apply the maximum principle to the evolution equation for the quantity defined by
under the flow (1.1), where λ i are the principal curvatures of the flow hypersurfaces. This is inspired by [14] , where Andrews and the first author considered the evolution of K 2α i<j (
for the flow by powers of Gauss curvature. Note that G can be written in the following form: G = σ 2α k · (n − 1)σ 2 n−1 − 2nσ n σ n−2 /σ 2 n , which is clearly a smooth symmetric curvature function. We will prove in Theorem 3.2 that for ǫ = 0, 1, n ≥ 3 and any fixed k with 1 ≤ k ≤ n, there exists a constant c ǫ (n, k) such that if α ∈ [1/k, c ǫ (n, k)], then the maximum of the quantity G is non-increasing in time. The proof of (3.1) comprises three steps. In the first step, we prove a positive lower bound for the σ k -curvature of the flow hypersurfaces, by applying maximum principle to the evolution of σ k under the flow (see Lemma 3.1). Theorem 3.2 is the second step. The uniform upper bound on σ k in combination with the uniform upper bound on G obtained in Theorem 3.2 leads to uniform lower and upper bounds (3.6) on the ratio of the maximal principal curvature to the minimal principal curvature on the flow hypersurface M t . In the last step, armed with (3.6), we obtain (3.1) by using Theorem 3.2 again. As a consequence of (3.6), we obtain that if α ∈ [1/k, c ǫ (n, k)], then the strict convexity of the flow hypersurface is preserved under the flow (1.1) for ǫ = 0, 1. The proof of Theorem 3.2 is given in §3.2, and we discuss Euclidean case and the sphere case separately. The gradient terms of the evolution of G are same for both cases: ǫ = 0, ǫ = 1. By a long calculation, we obtain that at a spatial critical point of G, the sign of the gradient terms is the same as the sign of a sextic polynomial Q defined by (3.14) . By applying Strum's theorem, we can find the desired constant c 0 (n, k) such that if α ∈ [1/k, c 0 (n, k)], then Q is non-positive for all positive variables x, which implies that the gradient terms of the evolution of G are non-positive at any spatial critical point. Since the procedure of applying Strum's theorem to to determine and estimate the constant c 0 (n, k) is long and technical, we give the details of this part in the appendix. The zero-order terms of the evolution of G for Euclidean case are automatically zero, while the zero-order terms for the sphere case can be proved to be non-positive if α ∈ [1/k, c 2 (n, k)], with c 2 (n, k) given by (3.19) . We define c 1 (n, k) = min{c 0 (n, k), c 2 (n, k)}. Thus, we have found the constant c ǫ (n, k) which satisfies that if α ∈ [1/k, c ǫ (n, k)], then both the zero-order terms and gradient terms of the evolution of G at a spatial critical point are non-positive, so we can apply the parabolic maximum principle to complete the proof of Theorem 3.2.
In §4, we complete the proof of Theorems 1.1-1.2. We already obtained that the maximal existence time T of the flow (1.1) is finite in Lemma 3.1. By an analogous argument to that in [40, §3] (for the case ǫ = 0) and [26, §6] (for the case ǫ = 1), the pinching estimate (3.6) implies an upper bound for the ratio of the outer radius ρ + (t) to the inner radius ρ − (t) of the flow hypersurface M t for t ∈ [0, T ) in the case ǫ = 0 and for t ∈ [t δ , T ) for the case ǫ = 1, where t δ = T − δ and δ is sufficiently small. Then we can use a technique of Tso [41] to prove that the σ k -curvature remains bounded from above as long as the flow (1.1) bounds a non-vanishing volume, which together with the pinching estimate (3.6) implies a uniform upper bound for the principal curvatures. Since the flow hypersurface M t is also uniformly strictly convex, we obtain that the flow (1.1) remains to be uniformly parabolic. Since the speed function can be written in the form
is a concave function of the principal curvatures, we can apply the Hölder estimate by Andrews [8, Theorem 6] (we can also apply the Hölder estimate in the case of one space dimension in [35] , since axially symmetric hypersurface can be written as a graph on the unit sphere in geodesic polar coordinates and the graph function has only one space variable) and parabolic Schauder estimate [35] to get uniform C ∞ estimates of the solution, hence the solution can be extended beyond T , which contradicts the maximality of T . Therefore, we obtain that both the inner radius and outer radius converge to 0 as t → T , so the flow hypersurfaces remain smooth until they shrink to a point.
We deal with the rescaling in Euclidean case and in sphere case in §4.2 and §4.3 respectively. As remarked in Remark 1.3, we consider the case α ∈ (1/k, c ǫ (n, k)], where c ǫ (n, k) is the constant in Theorem 3.2. In Euclidean case, we rescale the flow hypersurfaces bỹ X(p, t) := (X(p, t) − q)ρ(t, T ) −1 , where q is the point M t shrinks to, T is the maximal existence time of the flow (1.1) and ρ(t, T ) is the radius of the sphere solution of the flow (1.1) with center q and maximal existence time T . We define a new time parameter τ by (4.6). We first apply the technique of Tso [41] to obtain a uniform upper bound for theσ k -curvature of the rescaled hypersurfaceM t . When α > 1/k, the coefficient of the second order part (σ α k ) ij ∇ i ∇ jσk in the evolution equation ofσ k will becomes degenerate ifσ k is sufficiently small. Since we don't know of a suitable parabolic Harnack inequality for the flow (1.1) to help us to obtain a positive lower bound forσ k , we can not apply the Hölder estimate by Andrews [8] or the Hölder estimate in the case of one space dimension in [35] immediately to get C 2,α estimates. We will apply the interior Hölder estimates due to DiBenedetto and Friedman [22] to get Hölder continuity ofσ k , by writing the evolution equation ofσ k -curvature ofM t in a special form. Finally, we obtain that the rescaled flow hypersurfaces converge in C ∞ -topology to the unit sphere S n , by using analogous argument to that in [40] and replacing the estimate (2.3) in Theorem 2.6 of [40] by our pinching estimate (3.1). By considering the evolution of the rescaled quantityG, we obtain that the maximal principal curvatures approache the minimal principal curvatures exponentially fast on the rescaled hypersurfaces. Then the exponential convergence of the rescaled hypersurfaces can be proved by standard arguments as done in [2] and [40] .
In the sphere case, we use a similar rescaling to that in [26] . We denote by Θ(t, T ) the radii of the sphere solution which shrinks to a point as t → T , where T is the maximal existence time of the flow (1.1) with initial hypersurface M 0 for ǫ = 1. Let q ∈ S n+1 be the point that the flow hypersurfaces M t shrink to as t approaches T , we introduce geodesic polar coordinates with center q. We define a new time parameter by τ = − log Θ(t, T ). We prove that the rescaled functionũ(p, τ ) = u(p, t)Θ(t, T ) −1 converges exponentially in C ∞ to the constant function 1 as τ → ∞. There are two key steps in the proof. First, due to a similar reason to Euclidean case, we can not apply the Harnack inequality as in [26] to obtain positive lower bound forσ k and to ensure uniform parabolicity, we use similar method to that in Euclidean case to obtain a uniform upper bound and Hölder continuity forσ k = σ k · Θ(t, T ) k . Second, we use our key estimate (3.1), the bound on the ratio of outer radius to the inner radius (4.1) together with the uniform upper bound and Hölder continuity forσ k to prove thatũ(·, τ ) obeys uniform a priori estimates in C ∞ (S n ) independently of τ . Finally, by a similar argument to that in Section 8 of [26] , we obtain thatũ(p, τ ) converges exponentially fast to the constant function 1 in C ∞ -topology as τ → ∞. 
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Notations and preliminaries
In this section, we give some notations and preliminary results. Throughout the paper, we use the Einstein summation convention of sum over repeated indices. Let X t = X(·, t) : M t → R n+1 (ǫ) be a family of hypersurfaces moving according to the σ α k -curvature flow (1.1). We use g = {g ij }, A = {h ij } and W = {h i j } to denote the components of induced metric, the second fundamental form and the Weingarten map of the hypersurfaces, respectively. In local coordinates ξ 1 , · · · , ξ n , we can write h ij = −ḡ(∇ ∂X ∂ξ i ∂X ∂ξ j , ν), wherē g denotes the metric of R n+1 (ǫ),∇ denotes the Levi-Civita connection with respect to the metricḡ and ν is the outer unit normal. We denote the principal curvatures of the hypersurface by λ 1 , · · · , λ n , then the σ k -curvature is defined by
When k = 1, σ 1 is the mean curvature. When k = n, σ n is the Gauss curvature.
2.1. Properties of symmetric curvature functions.
) be a smooth, symmetric function of the principal curvatures of a hypersurface M ∈ R n+1 (ǫ), F can be considered as a function of W = (h j i ) or the principal curvatures λ(W) = (λ 1 , · · · , λ n ). We denote by (Ḟ ml ) and (F ml,rs ) the matrices of the first and second partial derivatives of F with respect to the components of its first arguments:
If A is a diagonal with distinct eigenvalues and B is a symmetric matrix, then we have the following relation (cf. [2] )
The second term in (2.2) makes sense as a limit if λ m = λ l .
If F is a homogeneous of degree β function of the principal curvatures λ 1 , · · · , λ n , we have the following relations by using Euler's Theorem:
We collect some properties of σ k -curvature for later use.
Lemma 2.1. For σ k -curvature function with 1 ≤ k ≤ n, we have the following properties.
is concave and inverse concave in Γ + . We say that a curvature function f is inverse concave, if the dual function of f defined by f * (
Proof. Property (i) can be found in [35, Lemma 15.14] . For Property (ii), the concavity of σ 1/k k can be found in [35, Theorem 15.16] and the inverse-concavity of σ 1/k k can be found in [9, §2] . Property (iii) follows from the inverse-concavity of σ 1/k k and Lemma 5 of [16] . Property (iv) is a well-known property for hypersurfaces in space forms, we refer to Proposition 2.1 of [38] and Lemma 3.1 of [19] for the proof. ⊓ ⊔
2.2.
Graphical representation for star-shaped hypersurfaces in the sphere. We recall the warped product model of the unit sphere S n+1 = I × S n equipped with the warped product metricḡ = dr 2 + sin 2 r g S n ,
where I = (0, π). Suppose that M is a star-shaped hypersurface in S n+1 and can be expressed as a graph over the sphere S n , i.e., M = {(u(θ), θ), θ ∈ S n } for some function u ∈ C ∞ (S n ), then the induced metric on M in terms of the coordinates θ j is given by
where
are the components of the round metric g S n . The second fundamental form h ij satisfies
where u ij are the covariant derivatives of u with respect to the induced metric g ij and v is defined by
The unit normal vector field on M is given by
, and h i j (the components of the Weingarten map) can be expressed by
and the covariant derivatives are taken with respect to σ ij .
If M t is a smooth star-shaped solution of (1.1) for t ∈ [0, T ) and each flow hypersurface is expressed as a graph M t = graph u(θ, t) over the sphere S n , we can deduce that the defining function u(θ, t) of M t satisfies the following scalar parabolic equation (see [25] )
where v is the function defined by (2.4). Let χ =ḡ(sin u ∂ r , ν) denote the support function of M t , we have the following evolution equation (cf. [26, 34] ).
2.3. Evolution equations of curvature functions. For hypersurfaces of R n+1 (ǫ) moving according to the σ α k -curvature flow (1.1), we have the following evolution equations (cf. [3] , [40] , [36] ):
where ∇ is the Levi-Civita connection with respect to the induced metric g,
and ∇ i h ml are the covariant derivatives of the second fundamental form.
It follows from Lemma 4.3 of [15] and Lemma 2.2 of [36] (cf. [3] ) that for any smooth symmetric function G = G(W) = G(λ(W)), we have the following evolution equation for G under the flow (1.1).
where F is the speed function σ α k of the flow (1.1).
2.4.
Properties of axially symmetric hypersurfaces. Since the flow (1.1) preserves symmetry, if {M t } is a solution of (1.1) with an axially symmetric initial hypersurface, then M t is also an axially symmetric hypersurface for each t. An axially symmetric hypersurface (which is also called rotation hypersurface in the literature, cf. [23] ) has at most two different principal curvatures, without loss of generality, we assume that λ 1 is the "axial curvature" and λ 2 = · · · = λ n are the "rotational curvatures", and denote the corresponding eigenvectors by e 1 , · · · , e n . When n ≥ 3, the only possible nonzero components of the covariant derivatives of the second fundamental form are the following terms (cf. [13] , [37] ).
3. The pinching estimates 3.1. A key estimate. In this section, we will prove that: For any n ≥ 3 and any fixed k
then there exists a positive constant C which only depends on the initial hypersurface
where T is the maximal time of the solution of the flow (1.1). This is the key step in the proof of Theorems 1.1-1.2.
First, we prove a uniform positive lower bound for the σ k -curvature of the flow hypersurfaces M t . For strictly convex initial hypersurface, the flow (1.1) is uniformly parabolic and has a unique smooth solution for at least a short time interval, by short time existence theorem (cf. [31] ). By using the evolution equation (2.11), we have the following evolution equation for σ k ,
2) When ǫ = 0, 1, by applying the maximum principle, it follows from (3.2) that the minimum of σ k is increasing under the flow, that is,
By applying maximum principle to (3.3), for ǫ = 0, 1, we have the following estimates.
Lemma 3.1.
Consequently, we obtain a finite upper bound for the maximal existence time:
In order to prove (3.1), we need the following Theorem.
Theorem 3.2. Let M t be a family of smooth, closed, strictly convex, hypersurfaces in R n+1 (ǫ) (ǫ = 0, 1), given by the σ α k -curvature flow (1.1). We assume that M 0 is axially symmetric. For any n ≥ 3 and any fixed k
is non-increasing in time.
Before we prove Theorem 3.2, by combing Lemma 3.1 and Theorem 3.2, we prove (3.1) and show that if α ∈ [1/k, c ǫ (n, k)], then the strict convexity of the flow hypersurface is preserved under the flow (1.1) for ǫ = 0, 1. From Lemma 3.1, we obtain a uniform positive lower bound C 0 for the σ k -curvature under the flow (1.1). By using Theorem 3.2, we know that there exists a constant C 1 which only depends on the initial hypersurface M 0 such that as long as the flow hypersurface is strictly convex, we have
by r(p, t), since M t is axially symmetric and has two distinct principal curvatures λ 1 and λ 2 (with multiplicity n − 1), we have
If r ≥ 1, we obtain from (3.5) that
, which implies that r is bounded from above by a constant which only depends on M 0 . If r < 1, we obtain from (3.5) that
, which implies that r is bounded from below by a positive constant which only depends on M 0 . This means that there exists some constant C 3 > 1 which only depends on M 0 such that 6) which in combination with Lemma 3.1 implies that the strict convexity of the flow hypersurface is preserved under the flow (1.1). Moreover, we can obtain a uniform positive lower bound for the principal curvatures under the flow (1.1) by combining (3.6) and Lemma 3.1. Once we have the estimate (3.6), we can obtain immediately from (3.4) that there exists some positive constant C which only depends on M 0 such that
, which is equivalent to the key estimate (3.1).
Remark 3.3. We note that when ǫ = 0, 1, α > 0, for the σ α k -curvature flow (1.1) with strictly convex initial hypersurfaces, one can even obtain that the smallest principal curvature does not decrease along the flow by applying Andrews' tensor maximum principle (see Theorem 3.2 in [9] ) to the evolution equation of the Weingarten tensor. We refer to Theorem 5 of [16] in the case ǫ = 0 and Proposition 4.1 of [33] in the case ǫ = 1 for the details of the proof.
3.2. Proof of Theorem 3.2. In order to prove Theorem 3.2, we first give two important lemmas, which first appeared in [14] . For the readers' convenience, we give a brief proof here. In the proof of the following lemmas, at a given point p ∈ M , we choose local coordinates
Lemma 3.4 ([14]
). Let F be a smooth, symmetric and homogeneous of degree a function of the principal curvatures λ 1 , · · · , λ n of a hypersurface M in R n+1 (ǫ) (ǫ = 0, 1), we define
Proof. By definition, G is a symmetric and homogeneous of degree b = 2(a − 1) function of the principal curvatures. Using the Euler relation (2.3), we havė
⊓ ⊔ Remark 3.5. In Lemma 3.4, we do not assume that M is axially symmetric.
Lemma 3.6 ([14]
). Let F and G be two smooth, symmetric and homogeneous functions of the principal curvatures λ 1 , · · · , λ n of a closed, strictly convex and axially symmetric hypersurface M in R n+1 (ǫ) (ǫ = 0, 1), assume that F is homogeneous of degree a and G is homogeneous of degree b. At any stationary point of G,
Proof. Using (2.2), the property of the axially symmetric hypersurfaces given in Section 2.3 (see (2.14)) and the Codazzi equations, we havė
(3.9)
Since
at any stationary point of G, ifġ 1 = 0, then we have
Substituting (3.10) into (3.8) and (3.9), we get
(3.11) Using the Euler relation (2.3), we obtain
which leads to the following relatioṅ
(3.12)
Putting (3.12) into (3.11), we have that at any stationary point of G, ifġ 1 = 0, then
By the homogeneity of F and G, we use the Euler relation again to get the following equations.
2) can be simplified as follows.
This completes the proof of Lemma 3.6. ⊓ ⊔
Recall that the evolution equation for G (defined by (1.2)) under the flow (1.1) can be written in the following form (see (2.13)).
where F = σ a k is the speed function of the flow (1.1) with degree a = kα. We prove the two cases ǫ = 0 and ǫ = 1 separately.
Case 1: ǫ = 0. In order to apply the maximum principle, we need to show that the right-hand side of (3.13) has a desired sign at stationary points of G. From the definition of G, we know that G is homogeneous of degree b = 2kα − 2. In view of Lemma 3.4, we obtain that the zero-order terms of the right-hand side of (3.13) are identically zero. In order to apply the maximum principle, it remains to prove that the gradient terms of the right-hand side of (3.13) are non-positive at any maximum point of G. If λ 1 = λ 2 at a maximum point p ∈ M t 1 , then we obtain that G is identically 0 on M t 1 , which means that M t 1 is a round sphere, hence the right-hand side of (3.13) is identically 0 at any point p ∈ M t 1 and M t is a round sphere for any t ≥ t 1 . Note that the gradient terms (Ġ ijF ml,rs −Ḟ ijGml,rs )∇ i h ml ∇ j h rs can be regarded as a function of
, by the property of continuity, we only need to prove that (Ġ ijF ml,rs −Ḟ ijGml,rs )∇ i h ml ∇ j h rs are nonpositive in the case which satisfies that λ 1 = λ 2 andġ 1 = 0, and we can apply Lemma 3.6 to simplify the gradient terms in (3.13).
For convenience, we use the following notations:
then G = σ 2α k Φ and we can compute the derivatives of F, G and Φ as follows: 
Since M t is axially symmetric and we have that λ 2 = · · · = λ n , it follows that at any point p ∈ M t , we have
At any stationary point p ∈ M t , by substituting the derivatives of F and G into the right-hand side of (3.7) and noting that F has degree αk, we havė
Using the above formulas, we obtain thaṫ
where P is a polynomial given by
It follows that at any stationary point p of G, ifġ 1 = 0, from Lemma 3.6, we have
and we define a polynomial Q by
(3.14) In view of the above relations, in order to prove that the gradient terms are non-positive, it remains to find out for which {k, n, α}, Q = Q(x, k, n, α) is non-positive for any x > 0.
Note that Q(x, k, n, α) can also be regarded as a quadratic polynomial of α, and the coefficient of α 2 is given by
It is obvious that when 1 ≤ k ≤ n − 1, we have
Hence, Q(x, k, n, α) is a convex function in α for all n ≥ 3, 1 ≤ k ≤ n and x ≥ 0, which means that in order to prove that there exists a constant c 0 (n, k) > 1 k such that Q is non-positive for any x > 0 and α ∈ [1/k, c 0 (n, k)], we only need to prove that for each n and any fixed k with 1 ≤ k ≤ n, there exists a constant c 0 (n, k) > 1 k such that (i) Q is non-positive for any x > 0 and α = 1/k.
(ii) Q is non-positive for any x > 0 and α = c 0 (n, k).
The conclusion in (i) is trivial:
In the case 1 < k ≤ n ≤ k 2 , we will prove that c 0 (n, k) = 1 k−1 satisfies the conclusion in (ii). For general case, by applying Sturm's theorem, we will prove that for each n and any fixed k with 1 ≤ k ≤ n, there exists a constant c 0 (n, k) > 1 k such that the conclusion in (ii) holds. We can also prove that c 0 (n, 1) ≥ 1 + Once we have obtained that for each n and any fixed k with 1 ≤ k ≤ n, there exists a constant c 0 (n, k) > 1 k such that Q(x, k, n, α) is non-positive for any x > 0 and α ∈ [1/k, c 0 (n, k)], we can apply the maximum principle directly to conclude that the maximum of the quantity G is non-increasing in time.
Case 2: ǫ = 1. In order to estimate the zero-order terms, we first prove the following lemma.
Lemma 3.7. Under the same assumption of Theorem 3.2, for the curvature functions F = σ α k and G = F 2 i<j (
(3.15)
Proof. Using the formulas in the proof of Case 1 for ǫ = 0, we havė
On the other hand, since G is homogeneous of degree 2(kα − 1), we havė 
18). ⊓ ⊔
For any n ≥ 3 and fixed k with 1 ≤ k ≤ n, we define
We have the following claim:
Proof. We discuss the following two cases.
then the discriminant of the quadratic equation of λ 2
is non-positive, since the coefficient of λ 2 2 is negative. (ii) In the remaining cases, i.e., either (a)
we will prove that all the coefficients of the quadratic polynomial
⊓ ⊔
Finally, in order to apply the maximum principle, we need to show that the righthand side of (3.13) has a desired sign at stationary points of G. In view of Lemma 3.4, Lemma 3.7 and Claim 3.8, we obtain that for any n ≥ 3 and fixed k with 1 ≤ k ≤ n, if α ∈ [1/k, c 2 (n, k)], where c 2 (n, k) is defined by (3.19) , then the zero-order terms of the right-hand side of (3.13) are non-positive. From the proof of Case 1 for ǫ = 0, we obtain that the gradient terms are non-positive if α ∈ [1/k, c 0 (n, k)]. Therefore, if α ∈ [1/k, c 1 (n, k)], with c 1 (n, k) = min{c 0 (n, k), c 2 (n, k)}, then the right-hand side of (3.13) is non-positive at stationary points of G, and we can apply the maximum principle directly to conclude that the maximum of the quantity G is non-increasing in time.
Remark 3.9. In the appendix, we will prove that c 0 (3, 1) = 3.64..., c 0 (4, 1) = 2.93... (see (A.3)), since c 1 (n, k) = min{c 0 (n, k), c 2 (n, k)}, from the expression of c 2 (n, k) given by (3.19), we can easily obtain that c 1 (3, 1) = 3.64..., c 1 (4, 1) = 2.93.... We prove in the appendix that in the case 1 < k ≤ n ≤ k 2 , we can choose c 0 (n, k) = 1 k−1 . We also show that c 0 (n, 1) ≥ 1 + 7 n and c 0 (n, k) ≥ 1 k + k (k−1)n for k ≥ 2 and n ≥ k 2 . Since c 2 (n, k) is written explicitly, by elementary calculation, we can prove directly that c 2 (n, k)
As c 1 (n, k) = min{c 0 (n, k), c 2 (n, k)}, we conclude that we can choose c 1 (n, k)
4. Proof of Theorems 1.1-1.2 4.1. Contraction to a point. When ǫ = 0, 1, any closed convex hypersurface in R n+1 (ǫ) bounds a convex body in R n+1 (ǫ). We define the inner radius ρ − (t) and the outer radius ρ + (t) as follows.
ρ − (t) = sup{r : B r (y) is enclosed byM t for some y ∈ R n+1 (ǫ)}, ρ + (t) = inf{r : B r (y) enclosesM t for some y ∈ R n+1 (ǫ)}, whereM t is the convex body enclosed by M t , B r (y) is a geodesic ball in R n+1 (ǫ) with center y ∈ R n+1 (ǫ), and r is the radius of the geodesic ball B r (y) in geodesic polar coordinates. It follows from the scalar parabolic equation (2.6) that the convex bodiesM t satisfies that
Recall that we obtained some pinching estimates in Section 3, see (3.1) and (3.6). In particular, by using the pinching estimate (3.6), after an analogous argument to that in [40, §3] (for the case ǫ = 0) and [26, §6] (for the case ǫ = 1), we can obtain that there exists a positive constant C 4 which only depends on M 0 such that
, for all t ∈ [0, T ) when ǫ = 0, and for t ∈ [t δ , T ) when ǫ = 1, (4.1)
where t δ = T − δ and δ is sufficiently small. Then we can apply a technique of Tso [41] to prove that the σ k -curvature remains bounded from above (see Lemma 4.2 and Lemma 4.10 below) as long as the flow (1.1) bounds a non-vanishing volume, which together with the pinching estimate (3.6) implies a uniform upper bound for the principal curvatures. Since the flow hypersurface M t is also uniformly strictly convex, we obtain that the flow (1.1) remains to be uniformly parabolic. Since the speed function can be written in the form
is a concave function of the principal curvatures, we can apply the Hölder estimate by Andrews [8, Theorem 6] (we can also apply the Hölder estimate in the case of one space dimension in [35] , since axially symmetric hypersurface can be written as a graph on the unit sphere in geodesic polar coordinates and the graph function has only one space variable) and parabolic Schauder estimate [35] to get uniform C ∞ estimates of the solution, hence the solution can be extended beyond T , which contradicts the maximality of T . This means that the inner radius ρ − (t) converges to 0 as t → T . It follows from (4.1) that the outer radius ρ + (t) also converges to 0 as t → T . Therefore, the flow hypersurfaces remain smooth until they shrink to a point. Remark 4.1. We note that by using the Gauss map parametrization, Andrews, McCoy and Zheng [16] proved that for contracting flow of strictly convex hypersurfaces in Euclidean space with the speed function F α satisfying that α > 0, F is homogeneous of degree one, the dual function of F is concave and approaches zero on the boundary of the positive cone, the flow hypersurfaces will shrink to a point as t approaches the maximal time T . Li and Lv [33] obtained similar results for the contracting flow in the sphere.
4.2.
Rescaling and convergence for the flow (1.1) with ǫ = 0. In this subsection, we prove the last part of Theorem 1.1 by adapting the arguments of F. Schulze in [40] for k = 1 with an initial curvature pinching condition. As remarked in Remark 1.3, we will consider the case α ∈ (1/k, c 0 (n, k) ]. The key step is that we can write the evolution equation ofσ k -curvature of the rescaled hypersurface in a special form such that we can apply the interior Hölder estimates due to DiBenedetto and Friedman [22] to get Hölder continuity ofσ k -curvatures on the rescaled hypersurfaces. This method was also used by Alessandroni and Sinestrari in [1] for the flow by powers of the scalar curvature and by Cabezas-Rivas and Sinestrari in [18] where the volume-preserving flow by powers of the k-th mean curvature was studied. As mentioned in §4.1, we can use a technique of Tso [41] to show that as long as the unrescaled hypersurfaces M t , t ∈ [0, T ′ ] enclose a fixed ball B r (y 0 ) for some y 0 ∈ R n+1 and r > 0, the σ k -curvature of M t has a positive upper bound depending on r. 
Proof. When k = 1, this was proved by Schulze in [39, 40] . The case k = 2 was prove by Alessandroni and Sinestrari in [1] . For the case k = n, it was proved by Tso [41] and Chow [20] . For the general case, we use similar techniques. We define ψ =
, where ·, · denotes the Euclidean metric. Since M t (t ∈ [0, T ′ ]) enclose a fixed ball B r (y 0 ) for some y 0 ∈ R n+1 and r > 0, we have X − y 0 , ν ≥ r, hence ψ is well-defined on [0, T ′ ]. By using (1.1), (2.9) and (2.11), after a direct calculation, we have (cf. [39, 18] )
then by using the maximum principle, we obtain that
which gives an upper bound for
⊓ ⊔
The following lemma gives the evolution of spheres in R n+1 along the σ α k -flow (1.1). Lemma 4.3. Given x 0 ∈ R n+1 , T ∈ R + , we define
as the radius of the initial sphere.
Proof. Since the flow (1.1) preserves the symmetry, in the sphere case, the equation (1.1) reduces to the following ODE for the radius of the spheres: 
where q is the point in R n+1 where the flow hypersurfaces contract to and T is the maximal existence time of the flow.
If there is no confusion, we will denote ρ(t, T ) by ρ for short in the sequel. We usẽ g ij ,Ã = {h ij } andW = {h i j } to denote the components of induced metric, the second fundamental form and the Weingarten map of the rescaled hypersurfacesM t , respectively. Then we haveg 5) and so on. We note that the Christoffel symbolsΓ k ij of the metricg ij of the rescaled hypersurfaces are the same as that of the unrescaled hypersurfaces, so we still use ∇ to denote the Levi-Civita connections on the rescaled hypersurfaces.
We define a new time function τ = τ (t) by
Then τ (0) = 0 and τ ranges from 0 to ∞. It is not difficult to obtain that the rescaled immersions satisfy the following evolution equation
By using (4.1), we can apply a similar argument to that in Lemma 7.2 of [2] to obtain uniform bounds forρ − = ρ − /ρ andρ + = ρ + /ρ, the main idea is that by the comparison principle, the ball B ρ(t,T ) (q) intersects the flow hypersurface M t for any t ∈ [0, T ).
Now, we apply Lemma 4.2 to get a uniform upper bound for theσ k -curvature of the rescaled hypersurfaceM t . For any time T ′ < T , we choose r = ρ − (T ′ ) in Lemma 4.2 and let y 0 be the corresponding center of the inner ball with radius ρ − (T ′ ). When T ′ ≥ t 1 , where t 1 is a fixed time which satisfies that (1 + T ) 2
which implies that
When T ′ ≤ t 1 , since [0, t 1 ] is a fixed finite time interval, we immediately get an upper bound C forσ k (T ′ ) on [0, t 1 ], and C only depends on M 0 and k, α and n. Therefore, we obtain an upper bound forσ k (t) for all t ∈ [0, T ). Equivalently, we obtain that there exists a constant C which only depends on M 0 , k, α and n such that
(4.7) in combination with the pinching estimate (3.6) gives a uniform bound for the principal curvatures of the rescaled hypersurfaces:
where C differs from the one in (4.7) up to a universal constant. In order to apply the interior Hölder estimates due to DiBenedetto and Friedman [22] , we first prove that we can rewrite the evolution ofσ k in the following form.
Lemma 4.6. Proof. By using (3.2), (4.3), (4.5) and (4.6), we obtain the following evolution equation
We can rewrite the first term on the right-hand side of (4.10) in local coordinates as follows.
11) where we used Lemma 2.1 (iv) in the last equality.
We obtain (4.9) immediately by combining (4.10), (4.11) and (4.12). ⊓ ⊔ Remark 4.7. By using the pinching estimate (3.6) and the relation (4.5), we know that the ratios of the principal curvatures of the rescaled hypersurfaces are also bounded from below and above by uniform positive constants, so we obtain that there exists a positive constant C which only depends on M 0 , k, α and n such that
We denote a double bound like (4.13) by (σ k )
Lemma 4.8. For the rescaled flow, there exists a constant C which only depends on M 0 , k, α, n such that for any τ 2 > τ 1 > 0, we have
14)
Proof. For k = 1, this was proved by Schulze (see Lemma 3.3 in [40] ). For general k, the proof is similar and the main idea is to use integration by parts. Using (4.13), we have that
where we used integration by parts and Lemma 2.1 (iv) in the last equality. By using (4.10) and (4.15), we have
Sinceσ k -curvature and the principal curvaturesλ i of the rescaled hypersurfaces are uniformly bounded above for all τ > 0 (see (4.7),(4.8)), using (2.10), (4.3), (4.6) and (4.16), we obtain that there exist another constant C ′ which does not depend on τ such that
from which we obtain the estimate (4.14) directly, sinceσ k is uniformly bounded from above andμ(M ) is bounded by (n + 1)ω n+1ρ n + . Here ω n+1 is the volume of the unit n-ball.
Armed with Lemma 4.6 and Lemma 4.8, we can apply the interior Hölder estimates of DiBenedetto and Friedman [22] , as proceeded by Schulze [40] , to obtain the following Hölder estimate. The main idea is that the rescaled hypersurface can be locally written as a graph with uniformly bounded C 2 -norm. As the proof is similar to that of [40, Lemma 3.4], we omit the details here.
Lemma 4.9. There exist universal constants C > 0, η > 0 and β ∈ (0, 1) such that for every (p, τ ) ∈ M × [η, ∞), the β-Hölder norm in space-time ofσ k on B η (p) × (τ − η, τ + η) is bounded by C.
Next, by replacing the estimate (2.3) in Theorem 2.6 of [40] by our pinching estimate (3.1), following the same steps as in [40] (cf. [2] ), by using the upper bound onρ + in Lemma 4.5, Lemma 4.9, the Hölder estimate by Andrews [8, Theorem 6] (or the Hölder estimate in the case of one space dimension in [35] ), the parabolic Schauder estimates [35] and interpolation inequalities, we conclude that the rescaled flow hypersurfaces converge in C ∞ -topology to the unit sphere S n .
Finally, in order to prove that the convergence is exponentially fast, we use analogous argument to that in Theorem 3.5 of [40] , the only difference is that we need to consider the evolution of the rescaled quantityG instead of the evolution off in [40] . More precisely, since G (see (1.2) ) is a homogeneous of degree 2(kα−1) function of the principal curvatures, using the definition of the rescaling (4.4), we haveG = G · ρ(t, T ) 2(kα−1) , using (4.3), we can calculate directly and obtain that
then we get from Theorem 3.2 that
By applying the maximum principle and using the fact that the rescaled hypersurfaces converge in C ∞ -topology to the unit sphere S n , (4.17) implies that there exists a positive constant δ 0 such that
After obtaining (4.18), we obtain the exponential convergence of the rescaled hypersurfaces by standard arguments as done in [2] and [40] .
4.3.
Convergence of the rescaled hypersurfaces for the flow (1.1) with ǫ = 1. First, we show that as long as the unrescaled hypersurfaces M t , t ∈ [0, T ′ ] enclose a fixed ball B r (y 0 ) for some y 0 ∈ S n+1 and r > 0, the σ k -curvature of M t has a positive upper bound depending on r. This is needed in §4.1.
Lemma 4.10. Let X : M × [0, T ) a smooth strictly convex solution of (1.1) for ǫ = 1. If all the unrescaled hypersurfaces M t on a time interval [0, T ′ ] (T ′ < T ) enclose a fixed ball B r (y 0 ) for some y 0 ∈ S n+1 and r < π/4, then we have
Proof. When α = 1/k, the conclusion is contained in the results by Gerhardt [26] . We consider the case α > 1/k. As all the unrescaled hypersurfaces
as a graph in a geodesic polar coordinate system with center y 0 :
with u(·, t) ≥ r. As u is decreasing with respect to t, we may assume that u(·, t) < π/2
Recall that the support function of M t is defined by χ =ḡ(sin u ∂ r , ν) (see §2.2). Assume that χ attains a minimum at some point p t ∈ M t , as M t is strictly convex, p t is a critical point of u (cf. [26, Lemma 7.1]), we obtain that
We define ψ = σ α k χ−sin r/2 , then ψ is well-defined on [t 0 , T ′ ]. By using (2.7) and (2.11), after a direct calculation, we have (cf. [26] )
By Euler relation (2.3), we have i( σ α k ) i λ i = kασ α k , since we have uniform lower bounds for the principal curvatures, then we obtain that(
where C is a positive constant which only depends on M 0 , k, α and n. We also have that
, cos u ≤ 1, by using Lemma 2.1 (iii), we obtain that
where b 1 , b 2 are two constants which only depend on M 0 , k, α and n. Then by using the maximum principle, we obtain that 19) where b 3 is another constant which only depends on M 0 , k, α and n. (4.19) gives an upper bound for σ k = (ψ(χ − sin r/2)) 1/α on [t 0 , T ′ ]. On the other hand, we also have an upper bound for σ k on the finite time interval [0, t 0 ], so we obtain that σ k ≤ C(M 0 , r, k, α, n).
⊓ ⊔
Similar to the Euclidean case, if the initial hypersurface is a geodesic sphere, then the flow hypersurfaces of the flow (1.1) are all spheres with the same center and their radii Θ(t) satisfy the following ODE
Θ(t) tends to 0 in finite time, we denote by Θ(t, T ) the radii of the sphere solution which shrinks to a point as t → T , where T is the maximal existence time of the flow (1.1) with initial hypersurface M 0 for ǫ = 1. By using maximum principle, for any fixed time t ∈ [0, T ), the sphere with center y 0 ∈M t (the convex body of M t ) and radius Θ(t, T ) intersects M t , so if we write M t as a graph in polar coordinates with center y 0 ∈M t , then we have the following relation among the graph function, the inner radius, the outer radius and Θ(t, T ):
If there is no confusion, we will denote Θ(t, T ) by Θ for short in the sequel. We note that when t ∈ [t δ = T − δ, T ), for any y 0 ∈M t , we havê
where C 4 is the constant in (4.1). We can choose δ small enough (without changing the notation) such that
We define a new time parameter by
Then we have
Now, we apply Lemma 4.10 to show that the rescaled σ k -curvatureσ k = σ k Θ k and the rescaled principal curvaturesλ i = λ i Θ are bounded from above by uniform constants. For any fixed t 0 ∈ (t δ , T ), let B ρ − (t 0 ) (y 0 ) be an inner ball ofM t 0 . We write the flow hypersurface M t (t ∈ [t δ , t 0 ]) as a graph in a geodesic polar coordinate system with center y 0 :
Then the graph function satisfies that
Assume that t 1 > t δ is a fixed time which satisfies that 24) which implies that σ 25) note that sin ρ − (t 0 ) ≥ 2 π ρ − (t 0 ), then by using (4.1) and (4.21), we obtain that
is a fixed finite time interval, we immediately get an upper bound C ′ forσ k (t 0 ) on [t δ , t 1 ], and C ′ only depends on M 0 and k, α and n. Therefore, we obtain an upper bound forσ k (t) for all t ∈ [t δ , T ). Equivalently, we obtain that there exists a constant C which only depends on M 0 , k, α and n such that
(4.27) in combination with the pinching estimate (3.6) gives a uniform bound for the rescaled principal curvatures:λ 28) where C differs from the one in (4.27) up to a universal constant.
Let t 1 ∈ [t δ , T ) be arbitrary and let t 2 > t 1 be the time which satisfies
then τ i = − log Θ(t i , T ) (i = 1, 2) satisfy τ 2 = τ 1 + log 2. Let y 0 be the center of an inner ball ofM t 2 , we introduce polar coordinates with center y 0 and write M t as graph of u(θ, t) for t ∈ [t 1 , t 2 ], by using a similar argument to that in [26, §7] , we have the following Lemma.
Lemma 4.11 (cf. [26] ). (i) There exists a constant c which only depends on M 0 , k, α and n such that for all (θ, t) ∈ S n × [t 1 , t 2 ], we have
are the Christoffel symbols of the metric g ij of M t (resp. the standard sphere metric σ ij ).
The following Lemma tells us that we can write the evolution equation ofσ k in a special form similar to Euclidean case.
29)
k and∇ denotes the Levi-Civita connection on the unit sphere S n .
Proof. By using (3.2), (4.20) and (4.23), we obtain the following evolution equation for
We can rewrite the first term on the right-hand side of (4.30) in local coordinates as follows (here D i are the ordinary derivatives with respect to the local coordinates).
where we used Lemma 2.1 (iv) in the fourth equality. ij ≈ g ij . By using (4.1), (4.21) and Lemma 4.11, we obtain that Θ 2 g ij ≈ Θ 2 sin u −2 σ ij , which is uniformly bounded. Hence, we have that
Here ≈ has the meaning as explained in Remark 4.7.
Lemma 4.14. There exists a constant C which only depends on M 0 , k, α and n such that for any τ 1 ≥ τ δ and τ 2 = τ 1 + log 2, we have
Proof. Since (σ k )
where we used integration by parts and Lemma 2.1 (iv) in the last equality, and C is a constant depending on M 0 , k, α and n. Using (2.10), (4.20) and (4.23), we have
Then by using (4.30), we have
(4.34) From (4.33) and (4.34), we have
35) Sinceσ k -curvature and the principal curvaturesλ i of the rescaled hypersurfaces are uniformly bounded from above for all τ > 0, the volume of M t is comparable with Θ n , from (4.35), we obtain that there exist another constants C ′ which only depends on M 0 , k, α and n such that
Consequently, we get
sinceσ k is uniformly bounded from above and Mt Θ −n dµ t is comparable with S n dµ S n , here C is another constant which only depends on M 0 , k, α and n. Using Remark 4.13, we obtain that
Then Lemma 4.14 follows immediately.
Armed with Lemma 4.12, Remark 4.13 and Lemma 4.14, we conclude by using the interior Hölder estimates of DiBenedetto and Friedman [22] that Lemma 4.15. There exist universal constants C > 0, η > 0 and β ∈ (0, 1) such that for every (p, τ ) ∈ M ×[τ δ +η, ∞), the β-Hölder norm in space-time ofσ k on B η (p)×(τ −η, τ +η) is bounded by C.
In the remaining part of the this section, we finish the proof of Theorem 1.2. Let q ∈ S n+1 be the point that the flow hypersurfaces M t shrink to as t approaches T , we introduce geodesic polar coordinates with center q. We will prove that the rescaled functioñ u(p, τ ) = u(p, t)Θ(t, T ) −1 converges exponentially in C ∞ (S n ) to the constant function 1 as τ → ∞. First, we note that although the rescaled principal curvaturesλ i (p, t) = λ i (p, t) · Θ(t, T ) are not the principal curvatures of the graph ofũ(p, t), they are closely related. From the expression of h i j (see (2.5)), the uniform upper bound onλ max (see (4.28) ) and the C 0 , C 1 estimates ofũ in Lemma 4.11, we obtain uniform C 2 -estimate ofũ with respect to the metric of the unit sphere S n . At each fixed time τ j , we take a point p j ∈ S n such thatũ(p j , τ j ) attains a maximum at p j , then we haveλ
where C 5 is a constant which only depends on M 0 , and τ j and t j are related by τ j = − log Θ(t j , T ). For each (p j , τ j ), we have thatσ k (p j , τ j ) ≥C = n k C k 5 , then the Hölder estimate (Lemma 4.15) implies that there exists a constant η > 0 which does not depend on the time sequence τ j such that
. This together with the pinching estimate (3.6) and the uniform upper bound onλ i (see (4.28) ) implies thatũ satisfies a uniform parabolic equation on B η (p j ) × [τ j − η, τ + η] by using (2.6), (4.20) and (4.23): 36) where v is the function defined in (2.4). Since the speed function can be written in the form
is a concave function of the principal curvatures, we can apply the Hölder estimate by Andrews [8, Theorem 6] (we can also apply the Hölder estimate in the case of one space dimension in [35] since the graph function only depends on one space variable) and parabolic Schauder estimate [35] to get uniform C ∞ estimates ofũ on B η/2 (p j ) × [τ j − η/2, τ j + η/2]. Since S n is compact, there exists a subsequence (again denoted by τ j ) such that {p j } converge to a point p ∞ ∈ S n , then we obtain uniform
On the other hand, using our pinching estimate (3.1), we have
which together with the uniform positive lower bound onσ k implies that
This in combination with the uniform upper bound onλ max (see (4.28) ) implies that the trace-less part of the rescaled second fundamental form of M t j has the following exponential decay 37) where C = C(M 0 ). The C ∞ -estimates ofũ and the fact thatg ij = Θ 2 g ij ≈ σ ij imply uniform estimates for
where ∇ is the Levi-Civita connection with respect to the metric g on M t j . This together with (4.37) implies by interpolation that
By using the inequality (cf. [29, §2] ) |∇H| 2 ≤ n+2 3 |∇A| 2 , we have
Therefore, we obtain
This leads to the following estimate ( max
Using the uniform Hölder estimate ofσ k , we obtain that for j large, we can obtain thatσ k ≥C/2 holds on a larger region. If we repeat the same argument as above, then we can extend the region whereũ(p, τ j ) has uniform C ∞ estimates. As S n is compact, after finite steps, we obtain thatũ(p, τ j ) has uniform C ∞ estimates on S n . The above argument applies to any sequence τ j , and the estimates do not depend on the sequence τ j , hence we obtain thatũ(·, τ ) obeys uniform a priori estimates in C ∞ (S n ) independently of τ . Then by using the pinching estimates and the interpolation inequality,
. After a similar argument to that in Section 8 of [26] (see Lemma 8.12, Corollary 8.13 and Theorem 8.14), we obtain that u(·, τ ) converges exponentially fast to the constant function 1 in C ∞ -topology as τ → ∞. This completes the proof of Theorem 1.2.
In the case 1 < k ≤ n ≤ k 2 , we prove that c 0 (n, k) = 1 k−1 satisfies that Q is non-positive for any x > 0 and α = c 0 (n, k), see Proposition A.1. For general case, we prove that for each n and any fixed k with 1 ≤ k ≤ n, we can find a constant c 0 (n, k) > 1 k such that Q is non-positive for any x > 0 and α = c 0 (n, k). Although we cannot write down c 0 (n, k) in term of an explicit function of n and k, c 0 (n, k) can be precisely determined by applying Sturm's theorem, see Proposition A.2. We list some of the values of c 0 (n, k) (see (A.3)). We also give some estimates of the constant c 0 (n, k). We prove that c 0 (n, 1) ≥ 1 + 7 n and c 0 (n, k) ≥ 1 k + k (k−1)n for k ≥ 2 and n ≥ k 2 , see Proposition A.3 and Proposition A.4. The estimate for the case with k ≥ 2 and n ≥ k 2 is optimal in the sense that when n = k 2 , the lower bound First, in the case 1 < k ≤ n ≤ k 2 , we have the following result.
Proposition A.1. If 1 < k ≤ n ≤ k 2 , α = 1 k−1 , then all the coefficients of Q = Q(x) defined by (3.14) are non-positive, which implies that Q is non-positive for any x > 0.
Proof. We denote the coefficients of Q = Q(x) by c i , i.e., we write Q(x) = c 6 x 6 + c 5 x 5 + c 4 x 4 + c 3 x 3 + c 2 x 2 + c 1 x 1 + c 0 .
We will prove that if 1 < k ≤ n ≤ k 2 , α = 1 k−1 , then c i ≤ 0, i = 0, 1, · · · , 6. If 1 < k ≤ n ≤ k 2 , α = 1 k−1 , it is obvious that c 6 = 0 and c 0 is non-positive. We will estimate c 1 to c 5 one by one. For c 1 , if 1 < k ≤ n ≤ k 2 , α = 1 k−1 , then we have that
For c 2 , note that from the expression of c 2 we know that c 2 = 0 if n = k, hence we only need to consider that case that k + 1 ≤ n ≤ k 2 . If 2 < k + 1 ≤ n ≤ k 2 , α = have c 2 = (k − n) α 2 k 2 (k − 2n + 3) + αk(6k 2 − k(3n + 22) + 12n + 3) + 3k(n + 1) − 4n = k − n (k − 1) 2 (2k 2 (3k 2 − 12k + 11) + n(k + 1)(3k − 4)) ≤ k − n (k − 1) 2 (2k 2 (3k 2 − 12k + 11) + (k + 1)(k + 1)(3k − 4)) = k − n k − 1 (6k 3 − 15k 2 + 9k + 4) < 0.
For c 3 , we can regard c 3 as a quadratic polynomial of n. If 1 < k ≤ n ≤ k 2 , α = 1 k−1 , then the coefficient of n 2 is −2(αk − 1)(2αk − 3) = 2(k−3) (k−1) 2 , which is non-negative when k ≥ 3, which means c 3 is a convex function of n when k ≥ 3. We first consider the case k ≥ 3. In this case, it suffices to prove that both c 3 | n=k and c 3 | n=k 2 are non-positive. We have that
In the case k = 2, we have α = 1 and c 3 = −2n(n − 2) ≤ 0.
Similarly, for c 4 , we can regard it as a quadratic polynomial of n. Note that the coefficient of n 2 is 2(αk − 1) 2 , which means that c 4 is a convex function of n. For any k and α, the maximum of c 4 is attained at either n = k or n = k 2 . We only need to prove that both c 4 | n=k andc 4 | n=k 2 are non-positive. If 1 < k ≤ n ≤ k 2 , α = (k−1) 2 ≤ 0. Therefore, we have proved that if 1 < k ≤ n ≤ k 2 , α = 1 k−1 , then c i ≤ 0, for i = 0, 1, · · · , 6. Consequently, we obtain that the polynomial Q defined by (3.14) is nonpositive for any x > 0 if 1 < k ≤ n ≤ k 2 and α = 1 k−1 .
For general cases, we apply Sturm's theorem to prove the following proposition.
Proposition A.2. For each n and any fixed k with 1 ≤ k ≤ n, we can find a constant c 0 (n, k) > 1 k such that Q defined by (3.14) is non-positive for any x > 0 and α = c 0 (n, k).
Proof. where rem(p i , p j ) is the polynomial remainder of the polynomial long division of p i by p j . We call the above sequence of polynomials the standard Sturm sequence of p(x). We will apply the following theorem.
Sturm's theorem: (cf. [32] ) Let p 0 (x), . . . , p m (x) be the standard Sturm sequence of a polynomial p(x) ∈ R[x] with positive degree. Assume that [a, b] is an interval such that p(a)p(b) = 0, and let σ(ξ) denote the number of sign changes (ignoring zeroes) in the sequence {p 0 (ξ), p 1 (ξ), . . . , p m (ξ)}, then the number of distinct roots of p(x) in (a, b) is σ(a) − σ(b).
For each n and any fixed k with 1 ≤ k ≤ n, it is obvious that Q < 0 if x = 0. Therefore, in order to prove Proposition A.2, by applying Sturm's theorem, we only need to prove that for each n and any fixed k with 1 ≤ k ≤ n, we can find a constant c 0 (n, k) > 1 k such that the number σ(0) − σ(∞) of the polynomial Q(x, k, n, c 0 (n, k) equals 0. We will describe how to use the computer program Mathematica to help us to find the constant c 0 (n, k), by using a method of bisection and applying Sturm's theorem. We can use Mathematical algorithm to run the following procedure: For each n and fixed k with 1 ≤ k ≤ n, we fix an arbitrary precision δ and set the initial data as follows. Once the loop ends, we obtain two constants α min (n, k) and α max (n, k) which satisfy that α max (n, k) − α min (n, k) is less than the given precision δ, and the number σ(0) − σ(∞) of the polynomial Q(x, k, n, α min (n, k) equals 0.
Therefore, c 0 (n, k) = α min (n, k) is the constant we seek for.
We list some values of c 0 (n, k) for some specific k, n, with precision δ = 0.01: In the following, we give more details of how to apply Sturm's theorem by proving the following estimate for c 0 (n, 1).
Proposition A.3. Let p 0 (x), . . . , p m (x) be the Sturm sequence given by (A.2) for the polynomial p(x) = Q(x, 1, n, α) defined by (3.14) with regard to x, and let σ(ξ) denote the number of sign changes (ignoring zeroes) in the sequence {p 0 (ξ), p 1 (ξ), . . . , p m (ξ)}.
If n > 12 and α = 1 + 7 n , then σ(0) − σ(∞) = 0, which means that Q(x, 1, n, α) has no root on (0, ∞) if α = 1 + 7 n . Consequently, we obtain that Q(x, 1, n, 1 + 7 n ) < 0 for all x ∈ (0, ∞) and n > 12, since Q < 0 when x = 0. If 3 ≤ n ≤ 12, one can easily check that c 0 (n, 1) ≥ 1 + 7 n . Therefore, we have c 0 (n, 1) ≥ 1 + 7 n .
